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SUMMARY 

For s t e a d y  m u l t i d i m e n s i o n a l  c o n v e c t i o n ,  t h e  QUICK scheme has s e v e r a l  
a t t r a c t i v e  p r o p e r t i e s .  However, for h i g h l y  c o n v e c t i v e  s i m u l a t i o n  o f  s t e p  p ro -  
f i  l e s ,  QUICK produces  unphys i  c a l  o v e r s h o o t s  and a few o s c i  1 l a t i o n s ,  and t h i s  
may cause s e r i o u s  prob lems i n  n o n l i n e a r  f lows. F o r t u n a t e l y ,  i t  i s  p o s s i b l e  t o  
m o d i f y  t h e  c o n v e c t i v e  f l u x  by  w r i t i n g  t h e  " n o r m a l i z e d "  convec ted  c o n t r o l - v o l u m e  
f a c e  v a l u e  as a f u n c t i o n  o f  t h e  n o r m a l i z e d  a d j a c e n t  ups t ream node v a l u e ,  d e v e l -  
o p i n g  c r i t e r i a  f o r  monoton ic  r e s o l u t i o n  w i t h o u t  s a c r i f i c i n g  f o r m a l  a c c u r a c y .  
T h i s  r e s u l t s  i n  a n o n l i n e a r  f u n c t i o n a l  r e l a t i o n s h i p  between t h e  n o r m a l i z e d  v a r -  
i a b l e s ,  whereas s t a n d a r d  ne thods  a r e  a l l  l i n e a r  i n  t h i s  sense.  The r e s u l t i n g  
S imp le  H igh  Accuracy  R e s o l u t i o n  Program (SHARP)  can be a p p l i e d  t o  s t e a d y  m u l t i -  

o t h e r  f r o n t a l  phenomena. T h i s  r e p r e s e n t s  a s i g n i f i c a n t  advance i n  m o d e l i n g  
h i g h l y  c o n v e c t i v e  f lows o f  e n g i n e e r i n g  and g e o p h y s i c a l  impor tance .  SHARP i s  
based on an e x p l i c i t ,  c o n s e r v a t i v e ,  c o n t r o l - v o l u m e  f l u x  f o r m u l a t i o n ,  e q u a l l y  
a p p l i c a b l e  t o  one-, two-, o r  t h r e e - d i m e n s i o n a l  e l l i p t i c ,  p a r a b o l i c ,  hyper -  
b o l i c ,  or m i x e d - f l o w  reg imes .  
v e c t i v e  o b l i q u e - s t e p  t e s t .  The monoton ic  SHARP s o l u t i o n s  a r e  compared w i t h  
t h e  d i f f u s i v e  f i r s t - o r d e r  r e s u l t s  and t h e  nonmonotonic  p r e d i c t i o n s  of second- 
and t h i r d - o r d e r  upw ind ing .  
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W d i m e n s i o n a l  flows c o n t a i n i n g  t h i n  shear  or  m i x i n g  l a y e r s ,  shock waves, and I 

R e s u l t s  a r e  g i v e n  for t h e  bench-mark p u r e l y  con- 

INTRODUCTION 

Success fu l  m o d e l l i n g  o f  s t r o n g  c o n v e c t i o n  i s  one o f  t h e  most c h a l l e n g i n g  
prob lems i n  c o m p u t a t i o n a l  mechan ics .  I f  t h e  t r u n c a t i o n  er ror  t e r m s  i n  t h e  
n u m e r i c a l  a p p r o x i m a t i o n  c o n t a i n  second-order  s p a t i a l  d e r i v a t i v e s  ( a s  i n  t h e  
case of f i r s t - o r d e r  u p w i n d i n g ) ,  s i m u l a t e d  r e s u l t s  a r e  a r t i f i c i a l l y  d i f f u s i v e  
and o f t e n  g r o s s l y  i n a c c u r a t e .  C e n t r a l  d i f f e r e n c e  methods i n t r o d u c e  p ropaga t -  
i n g  n u m e r i c a l  d i s p e r s i o n  te rms (odd -o rde r  d e r i v a t i v e s )  wh ich  may c o r r u p t  l a r g e  
r e g i o n s  o f  t h e  f low w i t h  u n p h y s i c a l  o s c i l l a t i o n s .  C o n t r a r y  t o  common b e l i e f ,  
t h e  e x t e n t  of t h e s e  o s c i l l a t i o n s  a c t u a l l y  i n c r e a s e s  for h i g h e r  o r d e r  ( c e n t r a l )  
methods.  H i g h e r  o r d e r  upwind schemes have been s u c c e s s f u l  i n  e l i m i n a t i n g  a r t i -  
f i c i a l  d i f f u s i o n ,  w h i l e  m i n i m i z i n g  n u m e r i c a l  d i s p e r s i o n .  I n  t h e  case o f  
second-order  u p w i n d i n g  ( r e f .  11, l e a d i n g  t r u n c a t i o n  error i s  a ( p o t e n t i a l l y  
o s c i l l a t o r y )  t h i r d - d e r i v a t i v e  t e r m ;  however, t h e  f o u r t h - d e r i v a t i v e  n u m e r i c a l  
d i s s i p a t i o n  i s  l a r g e  enough t o  dampen t h e  d i s p e r s i o n  t o  some e x t e n t .  T h i r d -  
o r d e r  upw ind ing ,  e x e m p l i f i e d  i n  t h e  s t e a d y - s t a t e ,  c o n t r o l - v o l u m e  case by  QUICK 
( Q u a d r a t i c  Ups t ream I n t e r p o l a t i o n  for C o n v e c t i v e  K i n e m a t i c s ) ,  has a l e a d i n g  
f o u r t h - d e r i v a t i v e  t r u n c a t i o n  e r r o r  t e r m  wh ich  i s  d i s s i p a t i v e ,  b u t  h i g h e r  o r d e r  
d i s p e r s i o n  t e r m s  may s t i l l  cause o v e r s h o o t s  and a few  o s c i l l a t i o n s  when 
e x c i t e d  by (wha t  shou ld  be)  n e a r l y  d i s c o n t i n u o u s  b e h a v i o u r  of t h e  convec ted  
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v a r i a b l e  ( r e f .  2 ) .  C u r r e n t l y  many genera l -pu rpose  e l l i p t i c  s o l v e r s  ( r e p l a c i n g  
t h o s e  p r e v i o u s l y  based on v a r i a t i o n s  o f  e s s e n t i a l l y  f i r s t - o r d e r  upw ind ing ,  
such as o l d e r  v e r s i o n s  o f  t h e  we l l -known TEACH code ( r e f .  31,  f o r  example)  a r e  
now u s i n g  e i t h e r  second-order  u p w i n d i n g  ( r e f s .  4 and 5 )  or QUICK ( r e f s .  5 t o  
20) as t h e  b a s i s  for t h e i r  c o n v e c t i v e  t r a n s p o r t  s o l v e r .  

QUICK, i n  p a r t i c u l a r ,  has s e v e r a l  a t t r a c t i v e  p r o p e r t i e s :  no n u m e r i c a l  
d i f f u s i o n  ( l e a d i n g  t r u n c a t i o n  er ror  i s  f o u r t h - o r d e r  " d i s s i p a t i o n "  as d i s t i n c t  
from second-order  " d i f f u s i o n " ) ;  low d i s p e r s i o n  ( t h e  l e a d i n g  d i s p e r s i o n  t e r m  i s  
a sma l l  f i f t h  d e r i v a t i v e ,  s t r o n g l y  damped by  t h e  f o u r t h - o r d e r  d i s s i p a t i o n ) ;  
i n h e r e n t  c o n v e c t i v e  s t a b i l i t y  (due t o  t h e  upwinded c u r v a t u r e  t e r m s ,  even i n  
t h e  absence o f  p h y s i c a l  d i f f u s i o n ) ;  a l g o r i t h m i c  s i m p l i c i t y  (based on  a conserv -  
a t i v e  con t ro l - vo lume f l u x  f o r m u l a t i o n ) ;  and c o m p u t a t i o n a l  e f f i c i e n c y  ( i n  te rms 
o f  t o t a l  "cos t "  for  a p r e s c r i b e d  a c c u r a c y ) .  QUICK a l s o  has e x c e l l e n t  p r e s s u r e  
p r e d i c t i o n  c a p a b i l i t y  i n  Nav ie r -S tokes  codes; i n  p a r t i c u l a r ,  computed s tagna-  
t i o n  p r e s s u r e  remains  c o n s t a n t  i n  i s e n t r o p i c  r e g i o n s  (as  i t  s h o u l d ) ,  whereas 
t h i s  i s  n o t  t h e  case w i t h  o t h e r  c o n v e c t i o n  codes ( r e f .  6 ) .  Some groups  u s i n g  
"QUICKened" TEACH codes t o g e t h e r  w i t h  TEACH'S s t a n d a r d  t r i d i a g o n a l  l i n e  s o l v e r  
have exper ienced  convergence prob lems w i t h  QUICK i n  s t r o n g l y  r e c i r c u l a t i n g  
f l ow  s i m u l a t i o n s  ( r e f .  2 1 ) .  However, t h i s  appears  t o  be due to  u s i n g  a s i n g l e  
sweep d i r e c t i o n ;  w i t h  a l t e r n a t i n g - d i r e c t i o n  t r i d i a g o n a l  (or p e n t a d i a g o n a l )  
l i n e  sweeps, QUICK i s  e x t r e m e l y  r o b u s t  and r e l i a b l e  under  a l l  f low c o n d i t i o n s  
( r e f .  2 2 ) .  C e r t a i n l y ,  t h e  e x p l i c i t  t ime-march ing  s o l u t i o n  method d e s c r i b e d  
h e r e  p r e s e n t s  no prob lems,  even i n  t h e  i n v i s c i d  l i m i t .  

QUICK's  s i n g l e  sho r t coming  i s  i t s  tendency ,  under  h i g h l y  c o n v e c t i v e  cond i -  
t i o n s ,  t o  produce o v e r s h o o t s  and p o s s i b l y  some o s c i l l a t i o n s  on each s i d e  o f  
(what  s h o u l d  be)  s teps  i n  t h e  dependent  v a r i a b l e  when convec ted  a t  an a n g l e  
o b l i q u e  (or skew) t o  t h e  g r i d .  Even i n  one-d imens iona l  f low,  QUICK produces a 
few  o s c i l l a t i o n s  ups t ream of a sudden jump i n  t h e  convec ted  v a r i a b l e ,  under  
h i g h  c o n v e c t i o n  c o n d i t i o n s .  By c o n t r a s t ,  second-order  u p w i n d i n g  does n o t  have 
t h i s  d e f e c t  i n  one d imens ion ;  b u t ,  as seen l a t e r ,  t h i s  method t o o  produces 
s t r o n g  o v e r s h o o t s  i n  two-d imens iona l  o b l i q u e - s t e p  s i m u l a t i o n s .  I n  some a p p l i -  
c a t i o n s ,  sma l l  o v e r s h o o t s  and a few  o s c i l l a t i o n s  may be t o l e r a b l e - - m e r e l y  rep -  
r e s e n t i n g  i n a c c u r a t e  r e s o l u t i o n  o f  t h e  d i s c o n t i n u i t y .  More l i k e l y ,  however, 
n o n l i n e a r  p rocesses  such as s t e e p e n i n g  i n  shock waves or t h e  l o c a l  behav iou r  
o f  a computed d i f f u s i o n  or v i s c o s i t y  c o e f f i c i e n t  w i l l  f e e d  back and a m p l i f y  t h e  
o s c i l l a t o r y  error, and may l e a d  t o  c a t a s t r o p h i c  d i v e r g e n c e  ( r e f .  1 3 ) .  C u r r e n t  
p r a c t i c e  w i t h  codes based o n  QUICK seems t o  be t o  r e v e r t  t o  a d d i n g  a r t i f i c i a l  
d i f f u s i o n  i n  an ad hoc manner i n  o r d e r  t o  suppress  o v e r s h o o t s .  For example, 
f i r s t - o r d e r  upw ind ing  m i g h t  be used f o r  k and E e q u a t i o n s ,  w h i l e  QUICK i s  
used f o r  momentum and s c a l a r  t r a n s p o r t  ( r e f s .  20 and 23) .  The p e n a l t y  fo r  t h i s  
"pa tch-up"  p rocedure  i s  n o t  i m m e d i a t e l y  o b v i o u s ;  b u t ,  g i v e n  i t s  poo r  t r a c k  
r e c o r d ,  one shou ld  a lways be s u s p i c i o u s  o f  f i r s t - o r d e r  upw ind ing .  

C l e a r l y  a code r e t a i n i n g  QUICK's d e s i r a b l e  a t t r i b u t e s  w h i l e  e l i m i n a t i n g  
u n p h y s i c a l  o v e r s h o o t s  and o s c i l l a t i o n s  would be of g r e a t  p r a c t i c a l  s i g n i f i -  
cance.  Sharp monoton ic  r e s o l u t i o n  of t h i n  shear  l a y e r s ,  spec ies  d e n s i t y  jumps, 
tempera tu re  d i s c o n t i n u i t i e s ,  shock waves, and o t h e r  f r o n t a l  phenomena i s  a f u n -  
damental goa l  o f  c o m p u t a t i o n a l  f l u i d  dynamics.  The f o l l o w i n g  s e c t i o n s  o f  t h i s  
paper  w i l l  show how i t  i s  p o s s i b l e  t o  mod i fy  t h e  m u l t i - d i m e n s i o n a l  QUICK scheme 
t o  a c h i e v e  t h i s  goa l  w h i l e  r e t a i n i n g  QUICK's t h i r d - o r d e r  g l o b a l  accu racy  and 
good s t a b i  i t y  c h a r a c t e r i s i t i c s ;  and, perhaps s u r p r i s i n g l y ,  t h i s  can be done 
w i t h  v e r y  i t t l e  a d d i t i o n a l  c o m p u t a t i o n a l  cost ,  because t h e  s t a n d a r d  QUICK 
a l g o r i t h m  or a s l i g h t  v a r i a t i o n  t h e r e o f )  i s  used t h r o u g h o u t  t h e  overwhe lming  
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b u l k  of t h e  flow doma in - - i . e . ,  any (more expens ive )  m o d i f i c a t i o n  i s  used o n l y  
i n  t h i n  r e g i o n s  r e q u i r i n g  s p e c i a l  t r e a t m e n t ,  t h u s  r e p r e s e n t i n g  o n l y  a sma l l  
f r a c t i o n  o f  t h e  o v e r a l l  number o f  g r i d  p o i n t s .  

The n e x t  s e c t i o n  d e s c r i b e s  t h e  Norma l i zed  V a r i a b l e  Diagram (NVD>--a p l o t  
o f  t h e  l o c a l l y  n o r m a l i z e d  convec ted  c o n t r o l - v o l u m e  face v a r i a b l e  w i t h  r e s p e c t  
t o  t h e  n o r m a l i z e d  a d j a c e n t  ups t ream node v a r i a b l e .  I n  t h i s  p l a n e ,  s t a n d a r d  
methods such as first- and second-order  upw ind ing ,  second-order  c e n t r a l  d i f f e r -  
e n c i n g ,  and QUICK, a r e  a l l  r e p r e s e n t e d  by  ( d i f f e r e n t )  s t r a i g h t  l i n e s .  I t  w i l l  
become c l e a r  t h a t  i n  o r d e r  t o  s a t i s f y  b o t h  h i g h  accu racy  and m o n o t o n i c i t y ,  a 
n o n l i n e a r  f u n c t i o n a l  r e l a t i o n s h i p  i s  necessa ry .  The c h o i c e  o f  t h i s  n o n l i n e a r  
f u n c t i o n  i s  n o t  u n i q u e .  However, a s i m p l e  scheme based on e x p o n e n t i a l  upwind- 
i n g  has a l l  t h e  d e s i r e d  p r o p e r t i e s  and i s  h i g h l y  c o m p a t i a b l e  w i t h  QUICK ( b o t h  
use t h e  same g r i d  nodes for i n t e r p o l a t i o n ) ;  hence t h i s  i s  used as t h e  b a s i s  
for t h e  r e s u l t i n g  S imple  H igh  Accuracy  R e s o l u t i o n  Program. 
development  o f  e x p o n e n t i a l  u p w i n d i n g  a r e  g i v e n  i n  t h e  second s e c t i o n ,  where i t  
i s  seen t h a t  t h i s  n o n l i n e a r  scheme i s  a l s o  t h i r d - o r d e r  a c c u r a t e .  A q u a n t i t a -  
t i v e  c r i t e r i o n  i s  d e v i s e d  for d e c i d i n g  when t o  use t h e  s t a n d a r d  QUICK scheme 
( i n  "smooth"  r e g i o n s )  and when t o  i n v o k e  t h e  more s o p h i s t i c a t e d  monoton ic  
i n t e r p o l a t i o n ;  t h i s  q u i t e  n a t u r a l l y  depends on t h e  n o r m a l i z e d  c u r v a t u r e  o f  t h e  
convec ted  v a r i a b l e .  Because e x p o n e n t i a l  u p w i n d i n g  does n o t  c o v e r  t h e  e n t i r e  
range o f  t h e  NVD, i t  i s  necessa ry  t o  d e v i s e  ad hoc e x t e n s i o n s  t o  match w i t h  
QUICK a t  t h e  ex t reme ranges ;  t h i s  i s  ach ieved  v i a  s i m p l e  p iece -w ise  l i n e a r  con- 
s t r u c t i o n s ,  r e s u l t j n g  i n  what has become known as t h e  E x p o n e n t i a l  Upw ind ing  o r  
L i n e a r  E x t r a p o l a t i o n  Ref inement  (EULER). T h i s  s e c t i o n  c l o s e s  w i t h  a s k e t c h  o f  
t h e  EULER-QUICK a l g o r i t h m  i n  one d imens ion ,  f o r  c l a r i t y .  The f o l l o w i n g  sec- 
t i o n  o u t l i n e s  t h e  two-d imens iona l  a l g o r i t h m  i n  d e t a i l ,  and shows how i t  can 
e a s i l y  be ex tended t o  t h r e e - d i m e n s i o n a l  s t e a d y  f low. F i n a l l y ,  r e s u l t s  a r e  
g i v e n  fo r  t h e  we l l -known bench-mark two-d imenes iona l  p u r e - c o n v e c t i o n  o b l i q u e -  
s t e p  t e s t - - p r o b a b l y  t h e  most severe  t e s t  f o r  any c o n v e c t i o n  scheme. T h i s  i s  
used f o r  a d i r e c t  compar ison  between c l a s s i c a l  f i r s t - o r d e r  u p w i n d i n g ,  second- 
o r d e r  upw ind ing ,  QUICK, and SHARP. A s  expec ted ,  f i r s t - o r d e r  u p w i n d i n g  i s  
e x t r e m e l y  a r t i f i c i a l l y  d i f f u s i v e .  Ra the r  s u r p r i s i n g l y ,  second-order  u p w i d i n g  
e x h i b i t s  q u i t e  s t r o n g  o v e r s h o o t s  a t  some c o n v e c t i o n  a n g l e s .  QUICK g i v e s  
s t e e p e r  r e s o l u t i o n  o f  t h e  jump r e g i o n ,  b u t  genera tes  ang le-dependent  o v e r -  
shoo ts  and some o s c i l l a t i o n s .  By d r a m a t i c  c o n t r a s t ,  SHARP r e t a i n s  t h e  s t e e p  
r e s o l u t i o n  o f  QUICK--but remains  a b s o l u t e l y  mono ton ic .  I t s  o v e r a l l  c h a r a c t e r -  
i s t i c s  seem v i r t u a l l y  i n s e n s i t i v e  t o  f l o w - t o - g r i d  a n g l e .  

D e t a i l s  o f  t h e  

Cons 
normal  t o  

NORMALIZED VARIABLE DIAGRAM 

D e f i n i t i o n  o f  Norma l i zed  V a r i a b l e s  

d e r  t h e  v a r i a t i o n  o f  a convec ted  s c a r l a r  + ( x , y , z )  a l o n g  a d i r e c t  
a c o n t r o l - v o l u m e  ( C V )  f a c e ,  as shown i n  f i g u r e  l ( a ) .  For t h e  CV 

on  

f a c e  c o n v e c t i n g  v e l o c i t y  d i r e c t i o n  shown, QUICK i n v o l v e s  t h e  two a d j a c e n t  node 
v a l u e s  < O D  and +c) t o g e t h e r  w i t h  t h a t  a t  t h e  n e x t  ups t ream node <+u> i n  
m o d e l i n g  t h e  convec ted  CV face v a l u e ,  O f .  Note t h a t  t h e  l a b e l l i n g  o f  node 
va lues--downstream ( D ) ,  c e n t r a l  ( C > ,  and ups t ream (U>--depends on t h e  v e l o c i t y  
d i r e c t i o n ,  as of cou rse  does t h e  c h o i c e  of node f o r  ~ u .  F i g u r e  l ( b >  shows 
t h e  same i n f o r m a t i o n  i n  t e r m s  o f  t h e  l o c a l l y  n o r m a l i z e d  v a r i a b l e .  
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.. ' - 'u 
'D - 'U 

9 =  (1) 

Note particularly that, in terms of normalized variables, $D = 1 and &J = 0. 

For example, for QUICK, on a uniform grid, the convected CV face varia- 
ble is (ref. 2) 

I so, in terms of normalized variables 
1 - 1  - 'f = 7 (1 + +c) - jj (1 - 2;c + 0) ( 3 )  

I or more conveniently 

I QUICK: 

I $f = 0.75 + 0.75($c - 0.5) ( 4 )  

I It should be clear that if $f i s  a function o f  OD, 4c, and $u, then 
the normalized variable, $f, is only a function of 
$U = 0). 
a plot of the functional relationship between the normalized convected face 
value, $f, and the normalized adjacent upstrem node value, $c. 

$c (since 6~ = 1 and 
This is the basis of the Normalized Variable Diagram (NVD), which is 

Linear Schemes 

Equation ( 3 )  shows that, for QUICK, the normalized variable diagram is a 
straight line passing through (0.5,  0.75) with a slope of 0.75. Other well- 
known schemes also have linear characteristics. For example, first-order 
upwinding requires, using the present notation (which takes account of flow 
direction), zeroth-order upwind "interpolation" 

or, in terms of normalized variables, simply 

I First-order upwinding: 

Similarly, second-order central differencing being independent o f  SGN(Un>, is 
simply the linear interpolation 
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which becomes, in terms of normalized variables, 

Second-order central: 

$f = 0.75 + 0.5(6c - 0.5) ( 8 )  

And second-order upwinding, given by linear, upwind-biased extrapolation 

can be written 

Second-order upwinding: 

3 -  4f = 7 0, (10) 

The linear NVD characteristics, equations (4), (6). ( a ) ,  and (10) are 
shown in figure 2(a). The corresponding normalized interpolations are shown 
in figure 2(b) for a specific value of i$c ( <  0.5). 
characteristics pass through the point (0 .5,  0.75),  labelled Q. First-order 
upwinding passes through the origin, 0, and the point P at (1,l); but it 
passses well below Q. 

Note that three of the 

Characteristics passing through Q can be written 

$f = 0.75 + SCqc - 0.5) (1 1 )  

where S represents the slope of the line. Using the original (unnormalized) 
variables, these can be written in terms of the (upstream-weighted) curvature. 

(12) 

where CF is the curvature factor. 

Clearly, S = 2CF t 0.5, and in specific cases 

(13) 3 s = -  4 
1 CF = - 8 ’  QUICK: 

1 s = -  
2 Second-order central: CF = 0, 

Second-order upwind: 1 s = 2  3 CF = - 2 ’  

(14) 

(15) 

In terms of normalized variables, equation (12) becomes 

qf = 0.5(1 + $c )  - CF(1 - 2$c) (16) 

Note that, in general, any (nonlinear) functional relationship between i$f and 
6c passing through Q can be written in the form of equation (12) or ( 1 6 )  
provided CF is taken to be a function of &-, rather than a constant. Also, 
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by making a Taylor series expansion about the CV face locations, it is not 
difficult to show that any (in general, nonlinear) characteristic: ( 1 )  pass- 
ing through Q is necessary and sufficient for second-order accuracy and 
( 2 )  passing through Q with a slope of 3/4 is necessary and sufficient for 
third-order accuracy. This means that any scheme based on a characterisitic 
which can be written in the form o f  equation (16>, with CF = CF(&c>, is at 
least second-order accurate, and if 

CF(0.5) = 0.125 ++ S(0.5) = 0.75 (17) 

the scheme is third-order accurate. This, of course, correlates with equa- 
tions (13) to (15>, which show that the simple second-order schemes pass 
through Q with a slope other than 3/4, whereas the third-order QUICK scheme 
indeed has S = 314. Note that first-order upwinding cannot be written in the 
form of equation (16>, since it does not pass through Q. The nonlinear NVD 
characteristic to be developed in the next section will pass through Q with 
a slope of 314, thus maintaining formal third-order accuracy. 

the 
the 
reg 

a s  

In the appendix, it shown that linear NVD characteristics which pass 
through the second quadrant may produce unphysical oscillations in steady one- 
dimensional convection. This is a well-known failing of central differencing, 
and may also occur to some extent with QUICK under high convection conditions 
(ref. 2 ) .  From figure l(a), one sees immediately that these two characteris- 
tics indeed pass through the second quadrant. Experience has shown that such 
schemes are also oscillatory in two-dimensional steady-flow simulations. 
Characteristics which pass through the fourth quadrant (i.e., below 0) are 
artificially diffusive. Thus, in order to avoid oscillations without being 
artificially diffusive, one necessary condition for the nonlinear characteris- 
tic to satisfy is that it must pass through the origin, 0. Numerical experi- 
mentation has also shown that NVD characteristics which passs above P are 
oscillatory in two-dimensions (although not necessarily so in one dimension-- 
second-order upwinding being the classic example). Similarly, passing below 
P gives artificially diffusive results. So another necessary condition for 

nonlinear characterisitic is that it must pass through P. Behaviour of 
nonlinear scheme to be developed can be summarized for the monotonic 
me ( 0  &c 5 1): 

The nonlinear NVD characteristic should pass through 0, P, and Q, with 
ope of 314 at Q. 

For &c values less than 0 or greater than 1 ,  the characteristic should 
be extended in a continuous manner, ultimately approaching the QUICK line for 
extreme values. The next section outlines the development of a scheme which 
satisfies the above criteria. 

EXPONENTIAL UPWINDING OR LINEAR EXTRAPOLATION REFINEMENT 

Exponential Upwinding 

Quadratic upstream interpolation is based on assumed local behaviour o f  
the form 

+ = a + b< + cc2 (18) 
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where 
t h e  d 
a, b, 

QUI CK 

5 i s  a l o c a l  s p a t i a l  c o o r d i n a t e  normal  t o  t h e  CV face ,  p o s i t i v e  i n  
r e c t i o n  of t h e  c o n v e c t i n g  v e l o c i t y ,  as seen i n  f i g u r e  l ( a ) .  E v a l u a t i n g  
and c ,  i n  terms of t h e  l o c a l  node v a l u e s  r e s u l t s  i n  

(“D - +U) + (“D - 29C + %I) 52 

2 A x 2  
+ ( E . )  = +c + 2 Ax 

and, o f  cou rse ,  s e t t i n g  5 = Ax12 r e s u l t s  i n  e q u a t i o n  ( 2 )  f o r  Qf .  

Now cons d e r  an e n t i r e l y  d i f f e r e n t  t y p e  of i n t e r p o l a t i o n  t h r o u g h  
t h r e e  node va ues,  based on an assumed (ups t ream-weigh ted)  e x p o n e n t i a  
form 

+ ( E >  = A + B exp(C6) 

E v a l u a t i n g  t h e  t h r e e  pa ramete rs  i n  te rms o f  node v a l u e s  l e a d s  t o  

+<o>  = + c = A + B  

-CAX + ( - A x )  = +,, = A + Be 

+ ( A X >  = OD = A + Be CAx 

from which  i t  i s  e a s i l y  f o u n d  t h a t  

and 

o r ,  i n  te rms o f  n o r m a l i z e d  v a r i a b l e s  

( 1 9 )  

t h e  same 
o f  t h e  

( 2 0 )  

(21  1 

(22 )  

( 2 3 )  

(24 )  

( 2 5 )  

(26 )  

w i t h  no a m b i g u i t y  of s i g n  on t h e  s q u a r e - r o o t .  T h i s  r e p r e s e n t s  t h e  d e s i r e d  
E x p o n e n t i a l  Upwind ing  (EU) c h a r a c t e r i s t i c  for t h e  n o r m a l i z e d  v a r i a b l e  d iagram.  
Note t h a t  i t  i s  d e f i n e d  o n l y  i n  t h e  monoton ic  reg ime  (0  5 $C 
an i n d e t e r m i n a c y  a t  $c = 0 .5 ;  b u t  i t  i s  easy t o  show, u s i n g  L ’ H o p i t a l ’ s  r u l e ,  
t h a t  

1 ) .  There i s  

q f (O.5)  = 0.75 ( 2 7 )  
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Si mi 

show 
Thi s 

arly, straightforward differentiation results in 

(%)Eu = S(EU) = 0.75 at +c = 0.5 (28) 

ng that Exponential Upwinding is tangent to the QUICK line at $C = 0.5. 
means, of course, that Exponential Upwinding is third-order accurate. 

The exponential upwinding characteristic shown in figure 3(a> in relation to 
QUICK (dashed), while figure 3(b) shows the corresponding normalized EU and 
QUICK interpolations for a small positive value of $c with the correspond- 
ing & values shown in figure 3(a>. 

Modification Criterion 

Note that the EU curve lies quite close to QUICK over a fairly wide 
range, near &c - 0.5. This suggests a very simple modification strategy for 
deciding whether to use the basic QUICK scheme or the more sophisticated 
i n terpol at i on : 

If 10.5 - &cl 5 const, use QUICK ( 2 9 )  

where, from figure 3(a) a value o f  const = 0.15 might be considered reasona- 
b l e .  Multiplying by 2 ,  this becomes 

If 1 1  - 2$cI 5 0.3, use QUICK (30) 

or more directly, when written in terms of unnormalized variables 

If 14u - 24, + 4,,1 5 0.314D - 4ul, use QUICK (31) 

Since the left-hand side o f  this equation is proportional to the curva- 
ture (normal to the CV face) of the convected variable, the modification cri- 
terion is a quantitative statement of the desire to use QUICK in "smooth" 
(i.e., small-curvature) regions of the flow domain. This will be the case in 
the bulk of the flow, since high curvature (rapid change in gradient) occurs 
only in thin regions involving a small number of grid points. Thus, although 
Exponential Upwinding is more expensive than QUICK, it is only used in a small 
fraction of the computational domain (if at all), so that the overall strategy 
is extremely cost-effective. 

Nonmonotoni c Regime 

Since Exponential Upwinding is only available in the monotonic regime, 
the question remains as to the best procedure to adopt for i$c 2 1 and 
i$c 5 0. For i$c above 1 ,  a simple and apparently robust strategy is to use 
the continuous extension 

i$f = $c for 1 5 $c 1.5 (32) 

Note that, returning (again without loss of continuity) to QUICK at 6c 2 1.5. 
although this portion of the overall nonlinear NVD characteristic happens to 
coincide with that of first-order upwinding, it does not degrade the order of 
the overall algorithm--which is determined solely by equations (27) and (28). 
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The whole concep t  of " o r d e r "  based on  T a y l o r  s e r i e s  o n l y  has meaning fo r  smooth 
b e h a v i o u r ,  nea r  $c + 0 . 5  ( ! . e ,  v a n i s h i n g  c u r v a t u r e ) .  S ta temen ts  such as those  
o f t e n  made i n  r e l a t i o n  t o  TVD schemes ( r e f .  24) ( t h a t  such schemes a r e  o n l y  
f i r s t - o r d e r  a c c u r a t e  nea r  ex t rema:  $c = 0, or  1, i n  t h e  p r e s e n t  n o t a t i o n )  a r e  
t o t a l l y  mean ing less  and can be q u i t e  m i s l e a d i n g .  What i s  a c t u a l l y  meant i s  
t h a t ,  i n  t h e  p r e s e n t  n o t a t i o n ,  $f = $c f o r  $c 0 and $c 2 1 ,  wh ich  happens 
t o  c o i n c i d e  w i t h  t h e  f i r s t - o r d e r  u p w i n d i n g  c h a r a c t e r i s t i c  i n  t h e  nonmonotonic  
reg ime ,  b u t  n o t  ( n e c e s s a r i l y )  n e a r  $C + 0 . 5 .  

s i o n  from E x p o n e n t i a l  Upwind ing ,  wh ich  ends a t  (0,O). A c h a r a c t e r i s t i c  wh ich  
r e j o i n s  QUICK a t  some f i n i t e  n e g a t i v e  
done w i t h  a s t r a i g h t - l i n e  c h a r a c t e r i s t i c  t h r o u g h  (0,O) w i t h  a s l o p e  l e s s  t h a n  
3 / 4 .  However, i t  i s  i m p o r t a n t  t o  a v o i d  a c e r t a i n  c r i t i c a l  p o i n t  on  t h e  QUICK 
c h a r a c t e r i s t i c  ( a t  $c = - J 3 / 2 ) ,  s i n c e ,  as shown i n  t h e  append ix ,  t r a v e r s i n g  
t h i s  p o i n t  on  t h e  QUICK l i n e  c o u l d  l e a d  t o  u n p h y s i c a l  o s c i l l a t i o n s  under  c e r -  
t a i n  c i r c u m s t a n c e s .  I t  i s  t h u s  b e t t e r  t o  r e j o i n  t h e  QUICK l i n e  be low t h e  c r i t -  
i c a l  p o i n t .  T h i s  i s  a d e q u a t e l y  accomp l i shed  by  t h e  ad hoc s t r a i g h t - l i n e  
c h a r a c t e r i s t i c  

The negat ive-$C reg ime  r e q u i r e s  somewhat more c a r e  i n  d e s i g n i n g  an ex ten -  

&=value seems d e s i r a b l e ;  t h i s  c o u l d  be 

6 f - h  - -  fo r  -1 5 $c 5 0 (33)  

c o n t i n u i n g  a l o n g  t h e  QUICK l i n e  f o r  $C < -1 .  
a c t e r i s t i c  i s  shown i n  f i g u r e  4 ,  r e p r e s e n t i n g  an E x p o n e n t i a l  Upw ind ing  or 
L i n e a r  E x t r a p o l a t i o n  Re f inemen t  o f  QUICK. 

The comp le te  compos i te  NVD char -  

The EULER-QUICK A l g o r i t h m  

The one-d imens iona l  a l g o r i t h m  i s  summarized h e r e  f o r  r e f e r e n c e  f o r  each 
CV f a c e :  

( i) 

(ii) 

( i i i )  

( v i  1 

( v i  i 1 

D e s i g n a t e  ups t ream and downstream nodes on  t h e  b a s i s  o f  SGN(Un). 

If I$D - $ul < 

Check i f  equation ( 3 1 )  i s  satisfied (this will account for the 
b u l k  o f  t h e  f l o w  f i e l d ) .  

I f  n o t ,  compute $c = ($c - - Qu), and f i n d  $f by  

QUICK, e q u a t i o n  (4), i f  $c 5 - 1 ,  or $c 
0.35 $c 5 0.65,  

$f = 0.375 qC i f  -1 < $c i 0, 

E x p o n e n t i a l  Upw ind ing ,  e q u a t i o n  (26)  f o r  0 < $c < 0.35 ,  and f o r  
0.65 < 6, i 1 ,  or 

( s a y ) ,  use QUICK, o t h e r w i s e  

1 .5 ,  or 

( v i i i )  6, = $, f o r  1 < 6, ~ 1 . 5 .  

( i x )  Then, r e c o n s t r u c t  t h e  ( u n n o r m a l i z e d )  f a c e  v a l u e ,  
$f = @U t' '9, - @U'$f* 
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I n  t h i s  way, t h e  c o n v e c t i v e  f l u x  a t  t h e  l e f t  f a c e  can be computed 

CFLUXL( i ) = CXL( i ) ( 3 4 )  

where C X L ( i >  = u ( i >  = u ( i ) A t / A x  i s  t h e  l o c a l  Couran t  number a t  t h e  l e f t  f a c e  
f o r  C V ( i > .  Because o f  t h e  c o n s e r v a t i v e  CV f o r m u l a t i o n ,  t h e  r i g h t - f a c e  f l u x  
a t  C V ( i >  i s  j u s t  t h e  l e f t - f a c e  f l u x  a t  C V ( i + l ) ,  r e g a r d l e s s  o f  v e l o c i t y  d i r e c -  
t i o n .  The e x p l i c i t  update  a l g o r i t h m  f o r  p u r e  c o n v e c t i o n  t h e n  becomes, q u i t e  
s i m p l y  

$7'' = oi + CFLUXL(i> - CFLUXL( i+ l )  (34) n 

n+ 1 I n  t h e  s teady  s t a t e ,  of c o u r s e ,  4i 
ba lance .  D i f f u s i v e  f l u x  te rms a r e  t r e a t e d  i n  an ana logous f a s h i o n  ( u s i n g  
DXL = rQ A t / A x 2 ,  r b e i n g  a d i f f u s i o n  c o e f f i c i e n t  o r  v i s c o s i t y ) :  

= $;, so t h a t  t h e  FLUX te rms must  

i n v o l v i n g  t h e  s imp le  l i n e a r  d i f f e r e n c e  a c r o s s  t h e  l e f t  f a c e ,  wh ich  i s  c o n s i s t -  
e n t  w i t h  t h e  t h i r d - o r d e r  t r e a t m e n t  o f  t h e  c o n v e c t i v e  f l u x e s  ( r e f .  2 ) .  C o n t r o l -  
volume averaged source  t e r m s  can be added, i f  a p p r o p r i a t e .  

MULTI-DIMENSIONAL ALGORITHM: SHARP 

Two-Dimensional QUICK Scheme 

F i g u r e  5 shows a two-d imens iona l  c o n t r o l  volume, w i t h  a t t e n t i o n  focussed  
on  c o n v e c t i o n  ac ross  t h e  l e f t  face .  I n  t h e  s i t u a t i o n  shown, UQ i s  p o s i t i v e  
t o  t h e  r i g h t ,  so fo r  a c o n t r o l  volume c e n t e r e d  a t  node ( i , j> ,  t h e  f o l l o w i n g  
d e s i g n a t i o n  o f  ups t ream and downstream v a r i a b l e s  r e s u l t s ,  i n  t h e  d i r e c t i o n  no r -  
mal t o  t h e  f a c e  

4 - 4 ( i - l , j ) ;  4" = O ( i - 2 , j )  f o r  uQ > 0 (37) C -  4 - +<i,j>; D -  

and t h e  ups t ream-weigh ted  t r a n s v e r s e  nodes a r e  

I t  shou ld  be c l e a r  wh ich  nodes wou ld  be i n v o l v e d  f o r  U Q  < 0. 

For t h e  b a s i c  two-d imens iona l  QUICK scheme ( r e f .  2 5 > ,  t h e  convec ted  v a l u e  
averaged a t  t h e  l e f t  face i s  ( f o r  UQ > 0 )  

which  i n c l u d e s  t h e  l i n e a r  i n t e r p o l a t i o n  te rm,  t h e  ups t ream normal  c u r v a t u r e  
te rm,  and a sma l l  t e r m  r e p r e s e n t i n g  t h e  e f f e c t  of (ups t ream-b iased)  t r a n s v e r s e  
c u r v a t u r e ,  i n  comput ing  t h e  face average.  Note t h a t  t h e  f irst two terms a r e  
i d e n t i c a l  w i t h  t h e  one-d imens iona l  f o r m u l a ,  e q u a t i o n  ( 9 2 ) .  Thus, one p o s s i b l e  
s t r a t e g y  f o r  t h e  two-d imens iona l  SHARP i s  t o  fol low t h e  one-d imens iona l  a l g o -  
r i t h m ,  s teps  ( i) to ( i x ) ,  above,  and t h e n  simply add t h e  a p p r o p r i a t e  t r a n s v e r s e  
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c u r v a t u r e  t e r m  (depend ing  i n  t h e  s i g n  of U Q ) .  One needs t o  s t o r e  l e f t - f a c e  
( c o n v e c t i v e  p l u s  d i f f u s i v e )  f l u x e s  

FLUXL(i , j> = CXL(i , j )-$k - DXL(i  , j > - C $ ( i  , j> - 4Ci-1 , j> l  ( 4 0 )  

and bot tom-face f l u x e s  

The e x p l i c i t  upda te  a l g o r i t h m  i s  t h e n  e x t r e m e l y  s i m p l e ,  u s i n g  an o v e r - w r i t i n g  
ass ignment  s t a t e m e n t .  

S e t :  +(i, j> = $<i , j> + A t S * ( i , j >  + F L U X L ( i , j >  - F L U X L ( i + l , j >  

+ FLUXB(i, j >  - FLUXB(i,  j+l) (42 )  

where S* i s  t h e  CV-averaged source  te rm.  Note  t h a t ,  i n  te rms o f  s t o r a g e  
r e q u i r e m e n t s ,  i t  i s  necessa ry  t o  s t o r e  two f l u x  a r r a y s  f o r  each t r a n s p o r t  
v a r i a b l e .  

C u r v a t u r e  Based A 1  g o r i  thm 

An a l t e r n a t i v e  s t r a t e g y ,  t h a t  can be used for one-, two-, or t h r e e -  
d imens iona l  s i m u l a t i o n s ,  i s  t o  w r i t e ,  f o r  t h e  average l e f t - f a c e  convec ted  
v a l u e  ( s u p p r e s s i n g  j and k indexes ,  f o r  conven ience )  

(43 )  1 1 $a = 7 (+i + +i-l) - CF-CURVN + 24 (CURVTY + CURVTZ) 

where CURVTY and CURVTZ a r e  t h e  r e s p e c t i v e  ups t ream-weigh ted  t r a n s v e r s e  
c u r v a t u r e  te rms i n  t h e  o t h e r  c o o r d i n a t e  d i r e c t i o n s ,  and t h e  ups t ream-b iased  
normal c u r v a t u r e  can be w r i t t e n  

(44 )  

wh ich  t a k e s  accoun t  of v e l o c i t y  d i r e c t i o n  a u t o m a t i c a l l y .  For t h e  s t a n d a r d  
QUICK a l g o r i t h m ,  of cou rse ,  t h e  normal c u r v a t u r e  f a c t o r ,  CF,  i s  a c o n s t a n t  
( =  1 / 8 > .  The e x p l i c i t  SHARP a l g o r i t h m  can be implemented s i m p l y  by  w r i t i n g ,  
from e q u a t i o n  ( 1 6 ) .  

$f'$c' - 0 .5 (1  + $,, 

(2$c - 1 )  
CF = CF($c) = ( 4 5 )  

wh ich  i s  shown i n  f i g u r e  6 ,  a l o n g  w i t h  t h e  nonmonotonic  e x t e n s i o n s ;  co r respond-  
i n g  t o  t h e  comp le te  NVD c h a r a c t e r i s t i c  o f  f i g u r e  4. 

Aga in ,  t h e  a l g o r i t h m  b e g i n s  by  comput ing  I $ D  - $uI,  and g o i n g  i m m e d i a t e l y  
t o  QUICK i f  t h i s  i s  l e s s  t h a n  a s p e c i f i e d  sma l l  number. I f  n o t ,  one computes 

1 1  



$c i n  t h e  usua l  way, and t h e n  goes t o  a l g e b r a i c  e x p r e s s i o n s  r e p r e s e n t i n g  t h e  
behav iou r  shown i n  f i g u r e  6 f o r  C F ( $ c > ,  as fo l lows:  

For $ < -1  or $c 1 .5 :  CF = 0.125 (46)  C -  

( 0 . 5  + 0 .125 $ c )  
For -1 < $c 0: CF = (47)  

( 1  - 2$ ) 
C 

1 7'6, - 1 )  

(2$c - 1 )  
For 1 i $c 5 1 . 5 :  CF = 

For 0 . 5  i $c i 0.7,  use t h e  f o l l o w i n g  q u a d r a t i c  a p p r o x i m a t i o n :  

(48 )  

(49 )  2 CF = 0.125 - 0.2609($c - 0 . 5 )  + 0.13613($c - 0 . 5 )  

And f i n a l l y ,  for 0 < @c < 0 . 3 ,  and 0 .7  < @c < 1 ,  use t h e  e x a c t  Exponen- 
t i a l  Upwind ing  f o r m u l a ,  comb in ing  e q u a t i o n s  ( 2 6 )  and ( 4 5 ) .  

3 $c - ( 1  t $c)($c - 0 . 5 )  - {$c(l - $c) 
2 CF = 

( 1  - 2$$ 
(50 )  

I t  s h o u l d  be c l e a r  t h a t  most o f  t h e  g r i d  p o i n t s  w i l l  be i n  t h e  smooth r e g i o n  
( 0 ~  - 0 . 5 )  and t h u s  w i l l  i n v o l v e  e q u a t i o n  ( 4 9 ) .  
g r a p h i c a l l y  i n d i s t i n g u i s h a b l e  from t h e  e x a c t  EU c u r v e  i n  t h i s  r e g i o n .  

T h i s  e m p i r i c a l  f o r m u l a  i s  

A l e s s  expens ive  s t r a t e g y  uses t h e  f o l l o w i n g  approx ima te  f o r m u l a s ,  i n  
a d d i t i o n  to  e q u a t i o n  ( 4 6 ) :  

(51)  1 3  
2 16 C For - 1  < $c 5 0: CF = - + - ($ - 1 )  

For O < $ c ' ; i :  1 

1 -  1 
For - < +c i 1 :  4 CF = ;i ( 1  - $c )  

(52 )  

(53)  

(54 )  

I n  t h i s  case,  most g r i d  p o i n t s  w i l l  i n v o l v e  t h e  s i m p l e  l i n e a r  f o r m u l a  g i v e n  i n  
e q u a t i o n  ( 5 3 ) .  Note t h a t  CF = 1 / 8  when $C = 1 / 2 ,  t h u s  m a i n t a i n i n g  t h i r d -  
o r d e r  accu racy  even i n  t h i s  s i m p l e  app rox ima te  scheme. 
between e q u a t i o n s  (47 )  t o  ( 5 0 )  and e q u a t i o n s  ( 5 1 )  t o  (54 )  i s  t h a t  i n  t h e  l a t t e r  
case t h e  monoton ic  e x t e n s i o n s  a r e  approx ima ted  by  s t r a i g h t  1 i n e s  f o r  C F ( $ c ) ,  
r a t h e r  t h a n  segments o f  h y p e r b o l a s ;  s i n c e  t h i s  i s  an ad hoc p rocedure  i n  e i t h e r  
case,  t h e  e x a c t  shape o f  these  e x t e n s i o n s  i s  i m m a t e r i a l ,  p r o v i d e d  t h e y  r e v e r t  
t o  t h e  QUICK v a l u e  (CF = 1 / 8 >  i n  a r e a s o n a b l e  manner (and a v o i d  t h e  c r i t i c a l  
p o i n t ) .  
12 
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E x t e n s i o n  t o  Three D imens ions  

The t h r e e - d i m e n s i o n a l  a l g o r i t h m  p a r a l l e l s  t h e  two-d imens iona l  v e r s i o n ,  
s i m p l y  a d d i n g  t h e  ups t ream-b iased  t r a n s v e r s e  c u r v a t u r e  for t h e  t h i r d  d i r e c -  
t i o n ,  and t h e n  s e t t i n g  up ( c o n v e c t i v e  p l u s  d i f f u s i v e )  f l u x e s  f o r  " l e f t "  ( L ) ,  
"bo t tom"  ( B ) ,  and " f a r "  ( F )  faces of each CV c e l l .  The e x p l i c i t  upda te  t h e n  
be come s 

S e t :  

$ ( i , j , k )  = $ ( i , j , k )  + A tS* ( i , j , k>  + FLUXL( i , j , k )  - F L U X L ( i + l , j , k >  

+ FLUXB( i , j , k )  - F L U X B ( i + l , j , k )  + F L U X F ( i , j , k >  - F L U X F ( i , j , k + l >  ( 5 5 )  

where, as u s u a l ,  f l u x  c o n s i s t e n c y  i s  gua ran teed  by t h e  c o n t r o l - v o l u m e  form- 
u l a t i o n ;  e .g . ,  t h e  " n e a r "  face f l u x ,  FLUXN( i , j , k> ,  has been r e p l a c e d  b y  
F L U X F ( i , j , k + l > .  I n  t h e  t h r e e - d i m e n s i o n a l  case, of cou rse ,  i t  i s  necessa ry  t o  
s t o r e  t h r e e  f l u x  a r r a y s  f o r  each t r a n s p o r t  v a r i a b l e .  

Numer i ca l  Boundary C o n d i t i o n s  

A s  a g e n e r a l  p r i n c i p l e ,  QUICK b o u n d a r y - c o n d i t i o n  t r e a t m e n t  i s  used 
( r e f .  25) ;  i . e . ,  q u a d r a t i c  e x t r a p o l a t i o n  normal  t o  t h e  boundary  t o  s e t  up 
e x t e r n a l  pseudo-node v a l u e s ,  u s i n g  t h e  g i v e n  p h y s i c a l  c o n d i t i o n s  t o g e t h e r  w i t h  
enough i n t e r i o r  node v a l u e s  t o  pe r fo rm t h e  e x t r a p o l a t i o n .  T h i s  works w e l l  f o r  
a l l  t r a n s p o r t  v a r i a b l e s  u n l e s s  t h e r e  i s  a d i s c o n t i n u i t y  o b l i q u e  t o  t h e  g r i d  
v e r y  c l o s e  t o  t h e  boundary .  I n  such a case,  t h e  c l a s s i c  s o l u t i o n  o f  l o c a l  mesh 
r e f i n e m e n t  can be used.  A l t e r n a t i v e l y ,  o t h e r  h i g h - r e s o l u t i o n  forms o f  l o c a l  
b e h a v i o r  can be deve loped  on  a case-by-case b a s i s .  
l a y e r  f low w i t h  a n o - s l i p  c o n d i t i o n  and s t r o n g  p r e s s u r e  g r a d i e n t  can be mod- 
e l e d  on a r e l a t i v e l y  coa rse  g r i d  i n  a manner c o m p a t i b l e  w i t h  QUICK (and SHARP) 
by  assuming a l o c a l  b e h a v i o u r  normal  to  t h e  w a l l  such as 

For example,  boundary-  

1 I n  u = cly + c2y ( 5 6 )  

i . e . ,  a p o w e r - l a w - p l u s - l i n e a r  p r o f i l e ,  w i t h  an assumed v a l u e  o f  n.  T h i s  i s  
r e a l l y  a t h r e e - p o i n t  i n t e r p o l a t i o n ,  s i n c e  t h e  c o n d i t i o n  u ( 0 )  = 0 has a l r e a d y  
been assumed; i t  wou ld  r e p l a c e  t h e  u s u a l  ( t h r e e - p o i n t )  q u a d r a t i c  v a r i a t i o n  
(used i n  QUICK) 

( 5 7 )  2 u = c l y  + c2y 

a g a i n  assuming u ( 0 )  = 0. I n  each case,  t h e  c o e f f i c i e n t s  a r e  computed u s i n g  
two i n t e r n a l  node v a l u e s  normal  t o  t h e  w a l l .  E q u a t i o n  (56) a l l o w s  much more 
r a p i d  v a r i a t i o n  i n  t h e  CV c e l l  a d j a c e n t  to  t h e  w a l l ;  i t  can be used i n  t h e  
same s p i r i t  as l o g a r i t h m i c  w a l l - f u n c t i o n s  ( r e f .  3 ) .  N a t u r a l l y ,  d e t a i l s  r e g a r d -  
i n g  c o n v e c t i v e  and d i f f u s i v e  f l u x e s  need t o  be worked o u t  i n  i n d i v i d u a l  cases ;  
b u t  t h i s  i s  a s t r a i g h t f o r w a r d  m a t t e r .  

A t  i n f l o w  b o u n d a r i e s  i t  i s  sometimes c o n v e n i e n t  to s e t  up two e x t e r n a l  
pseudo-nodes so t h a t  t h e  usua l  ( i n t e r n a l )  QUICK or SHARP a l g o r i t h m  can be used 
d i r e c t l y .  F i g u r e  7 shows a s i t u a t i o n  i n  wh ich  $BC i s  g i v e n  a t  an i n f l o w  
boundary .  Loca l  q u a d r a t i c  b e h a v i o u r  i n  te rms o f  t h e  d i s t a n c e  from t h e  bound- 
a r y  i m p l i e s  
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(m4 - 42) + 0 4  - 243 42) 52 
2 Ax2 

4 ( 5 )  = 43 + 2 Ax 

thus 

@BC 

( 5 8 )  

(59 )  

Solving for +2 gives 

And since for a quadratic function, the third-difference is zero, t$l is given 
by 

4, = 342 - 343 + 44 (61) 

For outflow conditions, one may assume zero-local-curvature in the flow 
direction, unless other physical conditions are specified. This is clearly 
not as restrictive as zero-local-gradient, and may allow the use of smaller 
computational domains for a given accuracy. 

Ti me-s tep Res tr i cti ons 

If one makes a classical von Neumann analysis of the (one-dimensional) 
QUICK scheme, assuming unsteady convection and diffusion in an infinite 
domain, the resulting time-step restrictions are rather stringent (ref. 2 ) .  
In fact, the convection-controlled restriction is formally the same as the 
simple forward-time-central-space requirement (ref. 27) on the Courant number, 
C = UAt/AX, 

(62) 2 C(- 

where PA = uAx/r is the grid Peclet number (or Reynolds number). T h i s  would 
imply, of course, that purely convective flow (PA - a) could not be simulated 
by the explicit QUICK scheme. Fortunately, the formal von Neumann analysis 
does not apply to steady-state algorithms on a finite grid. In particular, 
since the instability indicated by violating equation (62) i s  at the long- 
wavelength end of the Fourier spectrum, the imposition of a long-wavelength 
cutoff (corresponding to a finite grid) results in a much less restrictive 
condition (ref. 27). This can be written in an accurate simplified form as 
(ref. 25) 

9 
L c i - t n  2 

'A 2N2 
(63) 

where NAx = X*, the cut-off wavelength, from which it can be seen that even 
in the "inviscid" limit (PA - a) there i s  always a nonzero time step available 
for explicit solution of the QUICK algorithm on a finite grid. Even this can 
be violated when using time-marching toward a steady-state solution, because 
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any u n s t a b l e  modes t e n d  t o  be suppressed by  t h e  s t e a d y - s t a t e  boundary  cond i -  
t i o n s .  F i n a l l y ,  t h e  n o n l i n e a r i t y  o f  t h e  SHARP scheme a l l o w s  f u r t h e r  v i o l a t i o n  
o f  f o r m a l  t i m e - s t e p  r e s t r i c t i o n s .  A s  a r u l e  of thumb, one s h o u l d  t r y  Couran t  
numbers abou t  one o r d e r  o f  magn i tude l a r g e r  t h a n  t h a t  suggested  by  equa- 
t i o n  ( 6 3 ) .  One o t h e r  p o i n t  needs t o  be no ted ,  however: when s i m u l a t i n g  
p u r e l y  c o n v e c t i v e  f low,  sho r t -wave leng th  t r a n s i e n t s  may " r a t t l e  a round"  i n  t h e  
c o m p u t a t i o n a l  domain. And a l t h o u g h  these  a r e  n o t  u n s t a b l e ,  t h e r e  i s  no  mecha- 
n i s m  fo r  t h e i r  damping, and a g e n e r a l  l e v e l  of "background n o i s e "  i s  t h e r e b y  
g e n e r a t e d .  I n  r e a l  f lows, o f  cou rse ,  t h e r e  w i l l  a lways  be some p h y s i c a l  damp- 
i n g ,  a l t h o u g h  t h i s  m i g h t  be e x t r e m e l y  s m a l l .  Thus, when s i m u l a t i n g  " p u r e l y  
c o n v e c t i v e "  f low, t h e  f o l l o w i n g  s t r a t e g y  i s  suggested :  i n c l u d e  modeled d i f f u -  
s i o n  te rms ( f i n i t e  P A ) ,  b u t  i n c r e a s e  PA u n t i l  t h e  s o l u t i o n  i s  i ndependen t  
of i t s  v a l u e .  
c o m p l e t e l y  q u i e t i n g  t r a n s i e n t  n o i s e .  T h i s  magn i tude i s  c e r t a i n l y  f a r  beyond 
any v a l u e  l i k e l y  t o  be encoun te red  i n  p r a c t i c e ;  i . e . ,  i t  r e p r e s e n t s  a computa- 
t i ona 1 'I i n f  i n i t y  . I' 

A nominal  v a l u e  o f  PA = l o 5  s a t i s f i e s  t h i s  r e q u i r e m e n t ,  w h i l e  

V a r i a b l e  G r i d s  

For c l a r i t y ,  t h e  development  of SHARP has been based o n  t h e  assumpt ion  o f  
a u n i f o r m  g r i d  i n  each c o o r d i n a t e  d i r e c t i o n .  V a r i o u s  l e v e l s  o f  g e n e r a l i z a t i o n  
a r e  p o s s i b l e .  For example, i n  two d imens ions  i t  i s  a s i m p l e  m a t t e r  t o  e x t e n d  
t h e  f o r m u l a s  t o  a u n i f o r m  r e c t a n g u l a r  g r i d ,  A x  = c o n s t ,  Ay = c o n s t  ?t A x ;  and 
s i m i l a r l y  i n  t h r e e  d imens ions .  T h i s  i s  m e r e l y  r e f l e c t e d  i n  t h e  d e f i n i t i o n  o f  
i n d i v i d u a l  component Couran t  numbers (and d i f f u s i o n  p a r a m e t e r s ) .  The n e x t  
l e v e l  o f  g e n e r a l i z a t i o n  i n v o l v e s  l o c a l l y  expand ing  (or  c o n t r a c t i n g )  r e c t a n g u -  
l a r  g r i d s ,  w i t h  "expans ion  r a t i o s "  such as r x  = A X i + l / A X i ,  e t c .  I n  p r i n c i -  
p l e ,  one c o u l d  s e t  up ana logous fo rmulas  f o r  +f i n c o r p o r a t i n g  r x ,  ry (and 
rz  i n  t h r e e  d imens ions ) ,  as  has been done f o r  QUICK ( r e f s .  2 and 2 5 )  u s i n g  a 
d i f f e r e n t  n o t a t i o n .  However, i t  t u r n s  o u t  t h a t ,  f o r  QUICK, s i m p l y  u s i n g  t h e  
c o n s t a n t - g r i d - s p a c i n g  fo rmulas  on  a v a r i a b l e  g r i d  r e s u l t s  i n  n e g l i g i b l e  errors,  
p r o v i d e d  t h e  a d j a c e n t  mesh-width r a t i o s  l i e  w i t h i n  t h e  range  0.8 - 1 .25 ,  i . e . ,  
up t o  a p p r o x i m a t e l y  a 125 p e r c e n t  l o c a l  expans ion  r a t i o  ( r e f .  4 ) .  T h i s  g i v e s  
a w ide  range o f  f l e x i b i l i t y  i n  d e s i g n i n g  v a r i a b l e  r e c t a n g u l a r  meshes w i t h o u t  
go ing t o  t h e  added c o m p l e x i t y  o f  v a r i a b l e - g r i d  f o r m u l a s .  S i n c e  t h i s  conc lu -  
s i o n  was based on a T a y l o r  s e r i e s  expans ion  abou t  c o n t r o l - v o l u m e  f a c e s ,  and i s  
t h e r e f o r e  r e l a t e d  t o  QUICK'S NVD b e h a v i o u r  nea r  i$c = 0.5, t h e  same c o n c l u s i o n  
must  be reached r e g a r d i n g  SHARP. The e x t e n s i o n  t o  n o n r e c t a n g u l a r  q u a d r i l a t -  
e r a l  g r i d s  i s  n o t  y e t  documented; however, i t  i s  r e a s o n a b l e  t o  s p e c u l a t e  t h a t  
" m i l d "  d i s t o r t i o n  would n o t  r e s u l t  i n  s i g n i f i c a n t  e r r o r s ,  even though  t h e  f o r -  
mal o r d e r  o f  accu racy  i s  reduced.  

TEST PROBLEM RESULTS 

The Ob l i que -S tep  T e s t  

F i g u r e  8 shows t h e  we l l -known bench-mark t e s t  p rob lem cons 
c o n v e c t i o n  o f  an ups t ream t r a n s v e r s e  s t e p  p r o f i l e  i n  a s c a l a r  f 
t h e  i n f l o w  boundar ies  o f  a ( square )  c o m p u t a t i o n a l  domain, i n  t h  

s t i n g  o f  p u r e  
e l d  imposed a t  
s case,  

1 
25 AX = AY = - ( 6 4 )  
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There a r e  two a d d i t i o n a l  rows o f  pseudo-nodes ups t ream o f  t h e  i n f l o w  bounda- 
r i e s ,  and one a d d i t i o n a l  s e t  downstream. The c o n v e c t i n g  v e l o c i t y  i s  o f  
c o n s t a n t  magn i tude and f lows a t  t h e  same a n g l e  8, o b l i q u e  t o  t h e  g r i d ,  eve ry -  
where. The l o c a t i o n  o f  t h e  boundary  s t e p  i s  chosen so t h a t  t h e  e x a c t  convec t -  
ed s t e p  passes t h r o u g h  t h e  m i d - p o i n t  o f  t h e  g r i d ,  f o r  r e f e r e n c e .  Note t h a t  @ 
= 0.5 a l o n g  t h e  s t e p  i t s e l f ,  whereas,  @ : 1 everywhere above and + Z 0 be low,  

I 
I as i n d i c a t e d .  

For 8 = 45" ,  t h e  e x a c t  s o l u t i o n  i s  shown i n  o r t h o g r a p h i c  p r o j e c t i o n  i n  
f i g u r e  9 .  Note t h a t  t h i s  p a r t i c u l a r  c o m p u t e r - p l o t  r o u t i n e  i n t e r p o l a t e s  l i n e -  
a r l y  between s p e c i f i e d  g r i d - p o i n t  v a l u e s .  F i g u r e  10 g i v e s  t h e  r e s u l t s  f o r  8 
= 45" u s i n g  c l a s s i c a l  f i r s t - o r d e r  u p w i n d i n g  f o r  a l l  CV f a c e  f l u x e s .  C l e a r l y ,  
t h i s  i s  g r o s s l y  i n  e r r o r  due t o  t h e  a r t i f i c i a l  c r o s s - g r i d  d i f f u s i o n  i n h e r e n t  
i n  t h i s  method. A q u a n t i t a t i v e  i n d i c a t i o n  o f  t h e  e r r o r  i s  g i v e n  by  

+exac t  I ( 6 5 )  

summed o v e r  a l l  computed ( i n t e r i o r )  g r i d  p o i n t s ;  t h e  magn i tude i s  n o t e d  i n  t h e  
f i g u r e  c a p t i o n s  i n  each case.  F i g u r e  1 1  g i v e s  t h e  c o r r e s p o n d i n g  r e s u l t s  f o r  
second-order  upw ind ing .  A l t h o u g h  t h e  main  r i s e  i s  c o n s i d e r a b l y  s t e e p e r  t h a n  
f i r s t - o r d e r ,  and t h e  ERROR much s m a l l e r ,  t h e  most o b v i o u s  f e a t u r e  i s  t h e  ( a n t i -  
s y m m e t r i c a l )  p a t t e r n  o f  o v e r s h o o t s - - o f  c o n s i d e r a b l e  magn i tude !  T h i s  i s  a s e r i -  
ous prob lem,  and one t h a t  needs t o  be addressed by r e s e a r c h  groups  p ropound ing  
t h e  use o f  second-order  u p w i n d i n g  as a genera l -pu rpose  c o n v e c t i o n  s o l v e r  
( r e f s .  4 and 5 ) .  I n  f a c t ,  second-order  upw ind ing ,  a t  t h i s  a n g l e ,  g i v e s  l a r g e r  
o v e r s h o o t s  t h a n  QUICK, seen i n  f i g u r e  12. The QUICK and second-order-upwind 
r e s u l t s  a r e  q u a l i t a t i v e l y  s i m i l a r ;  b u t  n o t e  t h a t  QUICK'S s t e p  r e s o l u t i o n  i s  
c o n s i d e r a b l y  s t e e p e r ,  and compare t h e  q u a n t i t a t i v e  ERROR magn i tudes .  F i n a l l y ,  
f o r  t h i s  45" a n g l e ,  f i g u r e  13 g i v e s  t h e  SHARP r e s u l t s - - e s s e n t i a l l y  t h e  same 
s teep  r e s o l u t i o n  as QUICK, b u t  w i t h  t h e  o v e r s h o o t s  " c l i p p e d  o f f "  (and smoothed) 
t o  g i v e  a b s o l u t e l y  mono ton ic  s i m u l a t i o n .  Note t h e  d r o p  i n  ERROR r e l a t i v e  t o  
QUICK. 

O f  c o u r s e ,  45" i s  a s p e c i a l  a n g l e  ( a c t u a l l y ,  t h e  worst case f o r  f i r s t -  
o r d e r  u p w i n d i n g  i n  te rms o f  ERROR magn i tude ) ,  so two o t h e r  a n g l e s  w i l l  be 
c o n s i d e r e d  

e = a r t a n  (i) 2 34" 

and 

(66) 

The r e s u l t s - - a g a i n  fo r  f i r s t - o r d e r  upw ind ing ,  second-order  upw ind ing ,  QUICK, 
and SHARP--are shown i n  t h e  f i n a l  s e r i e s  o f  f i g u r e s ,  as i n d i c a t e d .  I n  each 
case,  f i r s t - o r d e r  u p w i n d i n g  i s  a r t i f i c i a l l y  d i f f u s i v e ,  second-order  u p w i n d i n g  
and QUICK a r e  o s c i l l a t o r y  w i t h  much lower ERROR, b u t  SHARP a lways  g i v e s  u n i -  
formly s teep  and monoton ic  r e s u l t s ,  e s s e n t i a l l y  independent  o f  f l o w - t o - g r i d  
a n g l e .  

DISUSSION AND FORECAST 

SHARP r e p r e s e n t s  a new g e n e r a t i o n  o f  m u l t i d i m e n s i o n a l  monoton ic  c o n v e c t i v e  
s o l v e r s  o f  h i g h  f o r m a l  accu racy  ( i n  t h i s  case,  t h i r d  o r d e r ) .  O t h e r  s i m i l a r  
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schemes can be constructed by devising alternate nonlinear characteristics in 
the normalized variable diagram. For example, Gaskell and Lau's Sharp Mono- 
tonic Algorithm for Realistic Transport (SMART) is based on a piece-wise lin- 
ear characteristic (ref. 28)  consisting of the QUICK line for the bulk of the 
monotonic range in &-, but deviating via ad hoc straight-line segments to 
pass through (0,O) and ( 1 , l )  in the NVD. SMART and SHARP give virtually iden- 
tical results for critical steady two-dimensional pure-convection problems 
such as the oblique-step test. These schemes are similar in some respects to 
certain types of flux-limiter and so-called "TVD" schemes developed for simu- 
lating shock phenomena in inviscid compressible flows. In fact, there i s  a 
one-to-one correspondence between the normalized variable diagram and the 
flux-limiter versus gradient-ratio diagram discussed, for example, by Sweby 
(ref. 29). It is not difficult to show that the flux-limiter factor, FLF, 
(Sweby's c p ) ,  is related to the normalized variables used here by 

and that the gradient ratio, r, is given by 
,.# 

+C r =  

(68 )  

(69) 

Note that the important region near $c = 1 is banished to large (positive or 
negative) r values in Sweby's diagram, whereas the behaviour of the $f<i$c> 
characteristic is immediately obvious in the NVD used here. In terms of unnor- 
malized variables. Equation (68 )  is simply 

(70) 

where the numerator i s  the difference between the modelled face value, +f, and 
first-order upwinding, &-, and the denominator is the difference between 
second-order central differencing, $fCEN = 1/2(9D + +c), and first-order 
upwinding. In unsteady flows, one can obtain the central-difference time- 
averaged (Lax-Wendroff) CV face value from 

(71) LW CEN CEN 9, = 9, - C(9f - 9,) 

where c is the Courant number. If one makes the same (second-order time- 
accurate) assumption for the nonlinear face value, averaged over time, 

then equation (70) can be written, cancelling the factor (1 - c) 

(73) 
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which, of course, is the basic definition of the flux-limiter factor. This 
means that many of the flux-limiter schemes previously developed for unsteady 
(one-dimensional) gasdynamics will be applicable to steady multidimensional 
highly convective flows, as well, using the conservative control-volume formu- 
lation described here. 

It now appears possible to obtain even better resolution of discontinui- 
ties by using "nonlinear" schemes of higher-order accuracy, in the sense of 
using more than three grid points in estimating local behaviour (normal to 
control-volume faces). Whether this is based on flux-limited higher-order 
polynomial schemes or more sophisticated forms of (nonpolynomial) interpola- 
tion, the strategy of using a robust scheme, such as third-order upwinding, in 
the bulk of the flow domain and switching to the (presumably) more costly com- 
pution only where necessary (in thin layers) will remain highly cost-effective. 

18 



APPENDIX 

Consider a linear characteristic in the NVD of the form 

In one-dimensiona 
of an alternating 

malized variable 
4i-2 = +K2, etc. 

$f = sic + I (A. 1) 

simulations, i f  oscillations occur, they will take the form 
geometric series, decaying upstream: 
Let 4~ = 1 ;  then 4c = -K, (Pu = K2. The corresponding nor- 

Qi = 1 ,  47-1 = -K, 

S 

(A.2) 

where the “star“ signifies a critical value of $c (corresponding to the oscil- 
latory behaviour). 
figure A.l(a); thus the normalized face value becomes 

The accompanying face value is $ f *  = 0, as seen in 

This gives a quadratic equation for K, the appropriate root being 

S - qS2 - 41(1 - S - I )  
2(1 - s - I )  K =  

For example, for QUICK (S = 0.75, I = 0.375) 

K(QU1CK) = 2 f i  - 3 = 0.4641 

and the critical point is given by 

$c*(QUICK) = - = -0.8660 

and 

i;(QUICK) = - 8 3 ( @ - 1 ) = -0.2745 

( A . 3 )  

(A.4) 

( A .  5 )  

(A.6) 

(A.7) 

as shown in figure A.l(b>. 

Note that for second-order central differencing ( S  = 0.5, I = 0.5), 
K = 1 ,  implying undamped oscillation. Also, i f  the characteristic passes 
through 0 ( I  = O ) ,  then K E 0; i.e., perfect step resolution. Finally, if 
I < 0 (i.e., the characteristic passes through the fourth quadrant), K is neg- 
ative, implying a nonoscillatory geometric decay, or artificial diffusion. It 
should be clear that any 1 inear characteristic passing through the second quad- 
rant (I > 0) will have a corresponding critical point in the third quadrant. 
More general results concerning nonlinear characteristics can be determined. 
In particular, any (in general, nonlinear) characteristic passing through the 
second quadrant will have a potentially oscillatory critical point in the 
third quadrant. This can be seen by imagining a local first-order Taylor 
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expans ion  o f  t h e  form o f  e q u a t i o n  ( A . 1 )  a b o u t  c a n d i d a t e  c r i t i c a l  p o i n t s ;  p ro -  
v i d e d  t h e  t r a j e c t o r y  e n t e r s  t h e  t h i r d  q u a d r a n t  from t h e  second, t h e r e  w i l l  
a lways  be va lues  o f  S and I s a t i s f y i n g  e q u a t i o n s  (A .2 )  t o  (A.4)  a t  some 
p o i n t  on  t h e  t r a j e c t o r y  on t h e  t h i r d  q u a d r a n t .  
t h i r d  quadran t  t h r o u g h  0 or t h e  f o u r t h  q u a d r a n t  may a l s o  have c r i t i c a l  
p o i n t s ,  as would t h e  scheme shown dashed i n  f i g u r e  A . l ( b > ,  wh ich  r e j o i n s  t h e  
QUICK scheme above i t s  c r i t i c a l  p o i n t .  C l e a r l y ,  t h e  most s a t i s f a c t o r y  d e s i g n  
i s  t o  pass th rough  0, s t a y i n g  low enough t o  a v o i d  p o t e n t i a l  c r i t i c a l  p o i n t s .  
T h i s  i s  t h e  case w i t h  t h e  ad hoc l i n e a r  e x t e n s i o n  chosen i n  c o n s t r u c t i n g  t h e  
EULER-QUICK scheme. 

T r a j e c t o r i e s  e n t e r i n g  t h e  
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(A) ORIGINAL VARIABLES. (B) NORMALIZED VARIABLES. 
FIGURE 1. - NODE VARIABLES IN THE VICINITY OF A CV FACE (AT DASHED LINE). 
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(A) NORMALIZED VARIABLE DIAGRAM. (B) NORZLIZED INTERPOLATIONS 
(FOR @c < 0.5). 

FIGURE 2. - FIRST-ORDER UPWINDING, SECOND-ORDER UPWINDING. SECOND-ORDER CENTRAL 
DIFFERENCING. AND THIRD-ORDER UPWINDING (QUICK). 

1 

(A) NORMALIZED VARIABLE DIAGRAM. (B) NORMALIZED INTERPOLATIONS. 
FIGURE 3. - EXPONENTIAL UPWINDING (SOLID CURVES) SHOWN IN RELATION TO QUICK (DASHED). 
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FIGURE 4. - COMPOSITE NVD CHARACTERISTIC FOR THE EULER-QUICK SCHEME. 
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FIGURE 5. - TWO-DIMENSIONAL CONTROL VOLUME SHOWING NODES INVOLVED 
IN ESTIMATING THE AVERAGE LEFT-FACE VALUE. FOR U 1  > 0. 
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FIGURE 6. - NORMAL CURVATURE FACTOR. CF. AS A FUNCTION OF THE 
NORMALIZED UPSTREM NODE VALUE, Tc, FOR THE EULER-QUICK SCHEK 
CORRESPONDING TO FIGURE 4. 

+< 
FIGURE 7. - NUWRICAL BOUNDARY CONDITIONS AT AN INFLOW BOUNDARY. 

1 

(A) BOUNDARY CONDITIONS AND (B) EXACT SOLUTION AND GRID 
DI STR IBUTION . CONVECTING VELOCITY. 

FIGURE 8. - THE OBLIQUE-STEP TEST. 
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FIGURE 9. - THREE-DIENSIONAL REPRESENTATION OF $tx,y) FOR ME EXACT SOLUTION OF THE OBLIQUE-STEP TEST FOR e =  45'. 

FIGURE 10. - OBLIQUE-STEP TEST RESULTS FOR FIRST-ORDER UPWINDING. 9 = 49. ERROR = 68.2. 
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SECOND-ORDER UPWINDING. e = 49 

FIGURE 11.  - OBLIQUE-STEP TEST RESULTS FOR SECOND-ORDER UPWINDING. e = 45O. ERROR = 24.4. 

FIGURE 12. - OBLIQUE-STEP TEST RESULTS FOR THIRD-ORER UPWINDING ~PUICK). e = 49. ERROR = 16.6. 
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FIGURE 13. - OBLIPUE-STEP TEST RESULTS FOR THE SIWLE HIGH ACCURACY RESOLUTION PROGRAM (SHARP), e = 45'. ERROR = 16.0. 

FIGURE 14. - EXACT SOLUTION FOR 0 = 34'. 
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FIGURE is. - OBLIQUE-STEP TEST RESULTS FOR FIRST-ORDER UPWINDING. e = 34O. ERROR = 63.8. 

FIGURE 16. - OBLIQUE-STEP TEST RESULTS FOR SECOND-ORDER UPWINDING, e = 32O. ERROR = 28.7. 

j' 
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FIGURE 18. - OBLIQUE-STEP TEST RESULTS FOR SHARP. e = 34O. ERROR = 19.5. 
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FIGURE 19. - EXACT SOLUTION FOR e = %O. 

FIGURE 20. - OBLIQUE-STEP TEST RESULTS FOR FIRST-ORDER UPWINDING. e = so. ERROR = 63.8. 
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FIGURE 21. - OBLIQUE-STEP TEST RESULTS FOR SECOND-ORDER UPWINDING. e = 56'. ERROR 5 28.7. 

QUICK 2-D. 8 = So 
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FIGURE 23. - OBLIQUE-STEP TEST RESULTS FOR SHARP. 0 = 56'. ERROR = 19.5. 

U 

(A) OSCILLATORY NODE VALUES. (B) LOCATION OF c.p. 

FIGURE Al. - DETERMINATION OF OSCILLATORY CRITICAL POINT FOR QUICK. 
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